In this paper we finish the classification of all finite linear spaces on at most 15 points that admit a blocking set. In a previous paper we showed that there are no such spaces on 11 or fewer points, one on 12 points, one on 13 points, two on 14 points, and at least five on 15 points. We now show that there are exactly five finite linear spaces on 15 points that admit blocking sets by proving that there is exactly one such space that is minimal, i.e., not an extension of a 14-point finite linear space that admits a blocking set.
Introduction
A finite linear space (or f.l.s.) S consists of a finite set of points (denoted by capital letters A, B, . . . ), a finite set of lines (denoted by lowercase letters ℓ, m, . . . ), and an incidence relation ∈ between the set of points and set of lines (P ∈ ℓ being read as "P lies on ℓ" or "ℓ passes through P "), such that for any two distinct points P and Q there is a unique line passing through P and Q (denoted by P Q), each line passes through at least two points, and there exist three non-collinear points. A blocking set of a finite linear space S is a subset B of S such that each line of S contains a point of B and a point of S \ B. For work on blocking sets in block designs, and in particular of affine and projective planes, see [2, Chapter 8] , [15, Chapter 13] , [1, 5, 7, 19, 20] and their references. For blocking sets in general finite linear spaces see [4, 9, 11, 13, 14, 16, 17] . For other related results see [6, 10, 12] .
The following classification of all finite linear spaces of at most 15 points admitting blocking sets was announced in [18] , where the proof was given, except for proving the uniqueness of such a 15-point space that is not an extension of any 14-point f.l.s. that admits a blocking set. The purpose of this paper is to finish the proof. The main tool used is the notion of the weight of a point in a two-coloured f.l.s. (see Section 2) . See [18] for a description of all the spaces mentioned in the theorem, as well as further general results on blocking sets in finite linear spaces.
Theorem.

No finite linear space on
In the remainder of the paper we formulate everything in terms of weak 2-colourings. A 2-colouring χ of the finite linear space S assigns the colour red or green to each point of S. In the figures we use • for red and • for green. A line is monochromatic if all points incident with it have the same colour. A proper (weak ) 2-colouring χ is a 2-colouring with no monochromatic lines. An MR geometry (S, χ) is a properly 2-coloured finite linear space. Thus each colour class of an MR geometry (S, χ) forms a blocking set of the underlying finite linear space S, and conversely, any blocking set of S determines a proper 2-colouring. Thus an MR geometry is exactly the same as a finite linear space with a blocking set that is singled out. An isomorphism between two MR geometries is an isomorphism between the underlying finite linear spaces such that points of the same colour are mapped to points of the same colour. An MR geometry (S, χ) is minimal if for all P ∈ S, either S \ {P } is collinear, or the restriction of χ to S \ {P } is not a proper 2-colouring of S \ {P }.
The main result of this paper may now be stated:
There is exactly one minimal MR geometry on 15 points.
In particular, the underlying f.l.s. admits a unique blocking set up to complements and automorphisms of the space. This MR geometry is a proper finite linear space, i.e. each line passes through at least three points.
The unique minimal MR geometry on 15 points
It is case (vii) in Brouwer's classification of proper finite linear spaces on 15 points [8] . It can be embedded into a Desarguesian projective plane iff the underlying division ring has characteristic 2 and x 2 + x + 1 has a root, equivalently, iff the division ring contains the field on 4 elements, in which case the projective plane already contains PG(2, 4). The embedding is also projectively unique (see [18] ). For convenience in the proof we call its green points A, B, C, D, E, F, G and its red points
Its lines are listed in Figure 1 . The following is an isomorphism between this representation and the representation in [18] :
Preliminaries
A k-line in an f.l.s. is a line of size k. The degree of a point P , denoted by deg(P ), is the number of lines passing through P . A d-point is a point of degree d.
We often draw the (P, Q)-grid of a finite linear space. This is the grid formed by the lines through P except P Q drawn vertically, and the lines through Q except P Q drawn horizontally. The line P Q is then intuitively considered to be at infinity. In particular, this shows that there are at most (deg(P ) − 1)(deg(Q) − 1) points not on P Q.
We denote the number of green points in a subset A of an MR geometry by g(A), and the number of red points by r(A). An [ ]. Then the weight of P is defined as
Proof. Interchange the order of summation and use axiom I1:
See [18] for proofs of the following lemmas.
Lemma 2. In a minimal MR geometry (S, χ), each green point G passes through a [ Suppose that x 1 ≥ 4. Then the number of green points not on GR 1 is at most three. Since for each red R ∈ GR 4 there is a different green point on R 1 R, we then must have y 4 ≤ 3. Also, by Claim 1, y 1 = 1. Then y 2 + y 3 ≥ 4. By Lemma 4 there are at least three green points not on GR 1 , hence x 2 ≥ 3 or x 3 ≥ 3. Without loss we consider only the case x 2 ≥ 3. By Claim 1, y 2 = 1. Thus y 3 ≥ 3. For each red R ∈ GR 3 there is a distinct green point on R 1 R. These green points must all lie on GR 2 , thus x 2 ≥ 4. Since x 1 ≥ 4 as well, all green points now lie on GR 1 ∪ GR 2 . Thus there is no green point on R 1 R 2 , a contradiction.
Therefore, x 1 ≤ 3, and similarly, x 2 , x 3 ≤ 3. Since there are only seven green points, we must have x 1 = x 2 = x 3 = 3. By Claim 1, y 1 = y 2 = y 3 = 1. Thus y 4 = 5. For each red R ∈ GR 4 there is a different green point on R 1 R. These five green points must all lie on GR 2 ∪ GR 3 . Therefore, x 2 + x 3 ≥ 7, a contradiction.
Claim 3.
There is at most one red 4-point.
Proof of Claim 3. Suppose R 1 and R 2 are two red 4-points. Let R 1 R 2 be an [
x y ]-line. By considering the (R 1 , R 2 )-grid, we see that there are at least 15 − 9 = 6 points on R 1 R 2 . Thus x + y ≥ 6. By Lemma 2, x + y = 6 and the 3 × 3 grid is full. Again by Lemma 2 both R 1 and R 2 lie on [
Thus there are at least five green points not on R 1 R 2 , and x ≤ 2. If x = 1, then y = 5, and there are three red points not on R 1 R 2 . Thus the degree of the green point on R 1 R 2 is at most 4, contradicting Claim 2. If x = 2, then y = 4, and by Lemma 2, through any green G ∈ R 1 R 2 there must be some [ 
w(G) = 4 and the ntype of
G is [ * 1 * 1 * 1 1 2 1 3 ]. 3. w(G) < 4.
Proof of Claim 4. By Lemma 2, deg(G) ≤ 7, and by Claim 2, deg(G) ≥ 5.
If deg(G) = 7, then by Lemma 2 its ntype must be [
, and w(G) = 1.
If deg(G) = 6, then its ntype must be either [
2 ] with w(G) ≤ 2. If deg(G) = 5, its ntype must be one of:
] with w(G) ≤ 4, and equality implies that the ntype must be [ ] by Claim 4. In particular, each line has at most 3 red points, and a line passing through at least 2 red points passes through only one green point.
We now consider the weights of the red points. Let all the [
Claim 6. G has ntype either
Case α: [ 
Let S i be the red point on the [
Since there is a different green point on each line S 4 R i , i = 1, 2, 3, 4, and these 4 green points must be in GS 1 ∪ GS 2 ∪ GS 3 \ {G}, we obtain
We also have
There are only two solutions to this equation under the above two constraints:
We now show that Case α in Claim 6 leads to a contradiction, while Case β leads to exactly one MR geometry. ]-lines through G. We now consider the weights of the red points.
Claim 7.
• S has weight 1 and ntype
• Each S i has weight 3 and ntype [ Without loss consider S 1 . The line S 1 G passes through three green points, and each S 1 R i , i = 1, 2, 3, 4, passes through at least one green point. Since there are seven green points, it follows that each S 1 R i passes through exactly one green point, and deg(S 1 ) = 5. Thus S 1 has the stated ntype and weight.
Claim 8. For each R i , i = 1, 2, 3, 4, we have one of the following:
• deg(R i ) = 6 and w(R i ) = 1,
• deg(R i ) = 5 and either w(R i ) < 3/2 or w(R i ) ∈ {3/2, 2, 3}, Since by Lemma 1 the sum of the red weights must be Thus at least three R i 's have w(R i ) ≥ 3. We then have by Claim 3 one of the following two cases without loss of generality:
For the following weights, the ntypes must be as in the table:
Case α2: w(R 1 ) > 3, w(R 2 ) = w(R 3 ) = 3.
Case α1
We must have w(R 4 ) = 2. We now consider the subgeometry of the seven green points. By examining the ntypes of the red points (see Claims 7 and 8), we see that there are in total six [ 
Case α2
We must have w(R 4 ) < 2. By Claim 8, w(R 4 ) ≤ 3/2. Thus w(R 1 ) ≥ 7/2. Again by Claim 8, w(R 1 ) = 7/2 and R 1 has ntype [ . By considering the subgeometry of the seven green points we obtain the same contradiction as in Case α1. • w(S i ) ∈ {1, 4/3, 3/2}.
• w(T i ) = 3.
• If deg(R i ) = 4 then w(R i ) ∈ {10/3, 7/2, 6}.
For the following weights the ntypes are as in the table:
w(S i ) ntype (Figure 4 ). Let the green points on GT 1 be G, G 1 , G 2 . Let G 3 be the green point on R i T 1 . Let R be a red point on GG 3 . Let G 4 be the green point on RT 1 . By Claim 1, there is at most one green point = G 1 on G 1 R i . Thus there must be a third green point G 5 on R i G 2 . Let R j be on the line through T 1 other than
1 ] and weight 6. If on the other hand G 6 ∈ R i G 1 , then by Lemma 2 R i G 2 is a [ Case β2: w(R 1 ) = w(R 2 ) = w(R 3 ) = 3, w(R 4 ) ∈ {10/3, 7/2}.
Case β1
Since 4 i=1 w(R i ) = 12 in this case, we must have w(S 1 ) = w(S 2 ) = 3/2 by Claim 9. If we now consider the subgeometry consisting of the green points, we find as in Case α that there are six [ 
Case β2
In this case
Without loss of generality we have one of
• w(S 1 ) = 1, w(S 2 ) = 3/2, w(R 4 ) = 7/2. Considering the green subgeometry we obtain in both cases a contradiction as before.
Thus without loss of generality R 1 has weight 6 and ntype [
]-line through R 1 by ℓ. Since deg(G) = 5, GT 1 must intersect ℓ in a green point, which we call C. Let the other green point on GT 1 be F . Choose a green point on R 1 T 1 and call it E. Then GE intersects ℓ in a green point, say D. Since GE is then a [ ]-line, we must have T 2 ∈ GE (see Figure 5 ). The only possible green point on T 1 T 2 must be on ℓ, say A. Finally, we let B be the fourth green point on ℓ. We thus have determined three full lines:
Without loss we may have S 1 ∈ AG and S 2 ∈ BG. There are now essentially two possible cases for the positions of S 1 and S 2 .
Case β3 R 1 , S 1 , S 2 are not collinear.
Case β4 R 1 , S 1 , S 2 are collinear.
We now show that β3 leads to a contradiction, while β4 leads to a unique MR geometry.
Case β3
Without loss of generality S 1 ∈ R 1 T 1 and S 2 ∈ R 1 T 2 (otherwise interchange
are full lines. Since T 1 , T 2 , A are collinear, A / ∈ T 1 S 2 . Also, B, C, E, F, G / ∈ T 1 S 2 , and it follows that we must have D ∈ T 1 S 2 . Similarly, since then D / ∈ S 1 S 2 , we obtain C ∈ S 1 S 2 . Also, since then C / ∈ S 1 T 2 , we must have B ∈ S 1 T 2 . We now consider the (R 1 , T 1 )-grid, recalling that the ntype of T 1 is known from Claim 9 ( Figure 6 ). We may assume without loss that R 2 ∈ AT 1 , R 3 ∈ BT 1 , R 4 ∈ DT 1 . We now have determined three full lines:
Considering the (R 1 , T 2 )-grid ( Figure 7) , we see that we must have R 3 ∈ CT 2 (since T 2 / ∈ BR 3 ) and then R 4 ∈ BT 2 . Since B ∈ S 1 T 2 , we have determined the full lines
By now we have the following full lines through B: ABCDR 1 , BGS 2 , BS 1 R 4 T 2 , BR 3 T 1 . Thus there must be exactly one more line through B, namely BR 2 , which must also contain the remaining green points E and F . Thus BEF R 2 is a full line. Since S 2 / ∈ R 2 A, R 2 B, R 2 G, we obtain that A, B, E, F, G / ∈ S 2 R 2 . Also, since R 2 / ∈ DS 2 , we have D / ∈ S 2 R 2 . It follows that C ∈ S 2 R 2 . We already have that C, S 1 , S 2 are collinear, hence C, S 1 , S 2 , R 2 are collinear. All other points are on the other lines through R 2 (R 2 A, R 2 B, R 2 G). Thus we have the full line CS 1 S 2 R 2 , and w(R 2 ) = 3. We now have all the lines through C except for CR 4 , which must then be the full line CER 4 .
We already have the following full lines through R 3 :
Because of the full line CS 1 S 2 R 2 the points S 1 , S 2 , R 3 are not collinear. Thus R 3 S 1 and R 3 S 2 are two more lines through R 3 . By Lemma 2 there must be a sixth line through R 3 as well. Thus R 3 must have ntype [ 
. Therefore we must have (X 1 , X 2 ) = (D, E), hence {X 3 , X 4 } = {A, F }, and we have the full line AF R 3 .
We already have the following full lines through R 4 :
A is a fifth line. Since F ∈ AR 3 , R 4 F is a sixth line. Thus w(R 4 ) = 1.
If we now add up the weights of all the red points we obtain 
Case β4
Without loss of generality
It follows immediately that the following are full lines: Since T 1 , T 2 , A are collinear, A / ∈ T 2 S 2 . Also, B, D, E, F, G / ∈ T 2 S 2 , and it follows that we must have C ∈ T 2 S 2 . Similarly, since then C / ∈ T 2 S 1 , we obtain B ∈ T 2 S 1 .
As in Case β3 we consider the (R 1 , T 1 )-grid ( Figure 8 ). We may assume without loss that R 2 ∈ AT 1 , R 3 ∈ BT 1 , R 4 ∈ DT 1 . We now have determined three full lines:
From the (R 1 , T 2 )-grid ( Figure 9 ) we see that we must have R 3 ∈ CT 2 (since T 2 / ∈ BR 3 ), and then R 4 ∈ BT 2 , and also S 2 ∈ CT 2 (since B, S 1 , T 2 are collinear). We have determined the full lines
(12-13)
We already have the following full lines through B: ABCDR 1 , BGS 2 , BR 4 S 1 T 2 , BR 3 T 1 . Thus there must be exactly one more line through B, namely BR 2 , which must also contain the remaining green points E and is a full line. Now consider the (R 1 , E)-grid ( Figure 10 ). There is a red point on each of AE, BE, CE, DE, and 4 red points on R 1 E. Thus deg(E) = 5. Since E / ∈ CR 3 , R 3 ∈ AE, and then R 4 ∈ CE. Thus we have the full lines (15) (16) Consider the (R 1 , R 2 )-grid ( Figure 11 ). Considering the green points we see that deg(R 2 ) = 5 and w(R 2 ) = 3. Since R 2 / ∈ CS 2 , S 2 / ∈ CR 2 , hence S 2 ∈ DR 2 and S 1 ∈ CR 2 . Thus we have the full lines
(17-18)
Consider the (R 1 , R 3 )-grid ( Figure 12 ). If S 1 ∈ DR 3 , then either F ∈ DR 3 and w(R 3 ) = 3/2, or F / ∈ DR 3 and w(R 3 ) = 1. If on the other hand S 1 / ∈ DR 3 , then F ∈ S 1 R 3 and w(R 3 ) = 1. Summarizing: w(R 3 ) ≤ 3/2, with equality iff DF R 3 S 1 is a line.
Consider the (R 1 , R 4 )-grid ( Figure 13 ). If S 2 ∈ AR 4 , then either F ∈ AR 4 and w(R 4 ) = 3/2, or F / ∈ AR 4 and w(R 4 ) = 1. If on the other hand We have now determined all the lines (1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) (17) (18) (19) (20) . We have found a unique MR geometry, which is exactly the one described in the Introduction (Figure 1 ).
